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Abstract
A numerical method is developed for calculating the shielding current density in a high-temperature superconducting
(HTS) ﬁlm with a crack. When an HTS ﬁlm contains a crack, an integral-form boundary condition is also imposed
on the crack surface. Since the condition is directly incorporated into the weak form, the numerical solution does not
always satisfy Faraday’s law on the crack surface. In order to resolve this problem, the following method is proposed: a
virtual voltage should be applied along the crack surface so as to make Faraday’s law numerically satisﬁed. By means
of the proposed method, the permanent magnet method is investigated numerically. The results of computations show
that, if the distance between a magnet and a crack is less than a certain limit, the accuracy is degraded remarkably.
c© 2011 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of ISS Program Committee.
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1. Introduction
Recently, Ohshima et al. developed the permanent magnet method [1]-[3] for measuring the critical
current density jC of a high-temperature superconducting (HTS) ﬁlm. While bringing a permanent magnet
closer to an HTS ﬁlm, they measured the electromagnetic force acting on the ﬁlm. From these measure-
ments, they found that the maximum repulsive force FM is approximately proportional to jC. This experi-
mental result implies that the value of jC can be easily estimated from the measured value of FM. This is a
basic idea of the permanent magnet method.
Although the permanent magnet method is promising as a contactless and nondestructive method for
measuring jC, its mechanism has not been investigated in detail. For the purpose of elucidating the phe-
nomenological relation between jC and FM, the authors have developed several numerical methods for
analyzing the time evolution of the shielding current density in an HTS ﬁlm [4]-[6]. However, all of them
can be applied only to an HTS ﬁlm containing no cracks.
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The purpose of the present study is to develop a numerical method for calculating the shielding current
density in an HTS ﬁlm with a crack and to numerically investigate how the accuracy of the permanent
magnet method is aﬀected by a crack.
2. Governing equation and boundary conditions
A schematic view of the permanent magnet method is shown in Fig. 1. A cylindrical permanent magnet
of radius R and height H is placed above an HTS ﬁlm so that the symmetry axis of the magnet may be
vertical to the ﬁlm surface. In the permanent magnet method, the magnet is ﬁrst brought closer to the ﬁlm
surface and it is subsequently moved away from the ﬁlm. In the present study, the distance L(t) between the
magnet bottom and the ﬁlm surface is assumed as L(t) = Lmin+(Lmax−Lmin)(t/τ0−1)[2H(t/τ0−1)−1], where
Lmin and Lmax are the minimum and the maximum of L(t), respectively. In addition, H(x) is Heaviside’s step
function and τ0 denotes the time at which L(t) = Lmin is satisﬁed.
The HTS ﬁlm is assumed to have the square cross section Ω through the thickness, whereas the cross
section of a crack is assumed to be a line segment Γ through the thickness. Therefore, Ω has both the outer
boundary C0 and the inner boundary C1 (see Fig. 1). Apparently, C1 is the boundary of Γ.
By choosing the centroid of the ﬁlm as the origin and taking the thickness direction as z-axis, let us
use the Cartesian coordinate system 〈O : ex, ey, ez〉. In terms of the coordinate system, the symmetry axis
of the magnet can be written as (x, y) = (xPM, yPM). Throughout the present study, it is called the magnet
axis. In the following, the side length of Ω and the ﬁlm thickness are denoted by a and b, respectively. In
addition, the length and the center of the crack are denoted by Lc and (xc, yc, 0), respectively, and the crack
Γ is assumed to be parallel to x-axis.
As is well known, the shielding current density j and the electric ﬁeld E are closely related in HTS ﬁlms.
As the relation, the following power law [4]-[8] is assumed: E = E(| j|)[ j/| j|], E( j) = EC[ j/ jC]N . Here, EC
denotes a critical electric ﬁeld and N is a constant.
Under the thin-layer approximation [4]-[6], there exists a scalar function S (x, y, t) such that j = (2/b)∇S×
ez and its time evolution is governed by the following integrodiﬀerential equation [4]-[6]:
μ0
∂
∂t
(WˆS ) = − ∂
∂t
〈B · ez〉 − (∇ × E) · ez. (1)
Here, B is the magnetic ﬂux density generated by the permanent magnet and the square bracket 〈 〉 denotes
an average operator over the thickness. In addition, the explicit form of the linear operator Wˆ is given in [6].
The initial and boundary conditions to (1) are assumed as follows:
S = 0 at t = 0,
S = 0 on C0,
∂S
∂s
= 0 on C1, h[E] ≡
∮
C1
E · t ds = 0,
where s is an arclength along C1. Note that h[E] = 0 means Faraday’s law on the crack surface.
By solving the initial-boundary-value problem of (1), we can determine the time evolution of the shield-
ing current density in the HTS ﬁlm. Throughout the present study, the geometrical and physical parameters
are ﬁxed as follows: a = 40 mm, EC = 0.1 mV/m, jC = 3.2 MA/cm2, N = 20, Lmax = 20 mm, Lmin = 0.5
mm, τ0 = 39 s, R = 2.5 mm, H = 3.0 mm, BF = 0.3 T, xPM = 0 mm and (xc, yc) = (0 mm, 0 mm). Here,
BF denotes the magnitude of B at (x, y, z) = (xPM, yPM, b/2) for L = Lmin and it is adopted as the measure of
magnet intensity.
3. Numerical method
Throughout this section, the superscript (n) indicates the value at t = nΔt, where Δt is the time-step
size. If the backward Euler method is applied to the initial-boundary-value problem of (1), S (n) becomes the
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Fig. 1. A schematic view of the per-
manent magnet method. Both the outer
boundary C0 and the inner boundary C1
are also depicted in this ﬁgure.
Fig. 2. The dependence of ‖φ‖ on the ﬁlm
thickness b for the case with yPM = 0 mm
and Lc= 9.6 mm.
Fig. 3. The time dependence of the virtual
voltage φV for the case with b = 1 μm,
yPM = 0 mm and Lc= 9.6 mm.
solution S of the following nonlinear boundary-value problem:
GˆS ≡ μ0WˆS + Δt (∇ × E) · ez − u = 0 in Ω, (2)
h[E] = 0, (3)
S ∈ H(Ω¯), (4)
where u ≡ μ0WˆS (n−1)−[〈B(n) ·ez〉−〈B(n−1) ·ez〉] and H(Ω¯) ≡ {w(x, y) : w = 0 on C0, ∂w/∂s = 0 on C1}. After
a straightforward calculation, we get the weak form that is equivalent to (2) and (3). Since the boundary
condition (3) is incorporated into the weak form, it is not exactly satisﬁed by the numerical solution.
In order to conﬁrm to what extent (3) is fulﬁlled, h[E] is calculated by using the numerical integration.
Throughout the present section, the numerically determined value of h[E] is denoted by N[E]. Obviously,
φ(t)(≡ N[E]) means the voltage along the crack boundary C1. The voltage φ is evaluated as a function of
time. The results of computations show that, for the case with b = 1 μm, |φ(t)| does not vanish but takes
a relatively large value. In order to investigate how φ(t) is inﬂuenced by the ﬁlm thickness b, the norm
‖φ‖ ≡ max0≤t≤τ0 |φ(t)| is evaluated as a function of b and is depicted in Fig. 2. We see from this ﬁgure that,
for b  30 μm, φ becomes small enough to satisfy ‖φ‖/(ECa) ≤ 10−6. In contrast, a large value of ‖φ‖ is
observed for b  10 μm. This tendency indicates that, only for b  10 μm, the voltage φ is caused by the
spatial discretization error.
In order to make N[E] = 0 strictly satisﬁed, we propose the following method: a virtual voltage φV be
applied along C1. In other words, the nonlinear boundary-value problem (2)-(4) is modiﬁed so that (3) may
be replaced with h[E] = φV and N[E] = 0. Here, φV is an unknown constant. If the modiﬁed problem is
solved to get (S , φV), the resulting solution S satisﬁes not h[E] = 0 but N[E] = 0. Thus, Faraday’s law is
fulﬁlled not analytically but numerically on the crack surface. In the present study, the modiﬁed problem is
iteratively solved by means of the Newton method. At each iteration cycle in the Newton method, the linear
boundary-value problem is solved with the ﬁnite element method. A typical example of the time dependence
of the virtual voltage φV is shown in Fig. 3.
4. Numerical simulation of permanent magnet method
On the basis of the above method, a numerical code has been developed for analyzing the time evolution
of the shielding current density. By executing the code, the maximum repulsive force FM can be evaluated.
In this section, we numerically investigate how the permanent magnet method is aﬀected by a crack.
Let us ﬁrst investigate the inﬂuence of a crack on the shielding current density. To this end, j-distributions
are numerically determined and are depicted in Figs. 4(a) and 4(b). For the case with yPM = 9.6 mm, the
j-distribution is little aﬀected by the crack and is almost axisymmetric. In contrast, the j-distribution is
strongly inﬂuenced by the crack for the case with yPM = 3.2 mm. As a result, its axisymmetry is completely
lost for this case. These tendencies imply that, if the magnet axis is located near the crack, the accuracy of
the permanent magnet method will be degraded.
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Fig. 4. Spatial distributions of the shielding current density at time t = τ0
for the case with b = 1 μm and Lc= 9.6 mm. Here, (a) yPM = 9.6 mm and
(b) yPM = 3.2 mm.
Fig. 5. Dependence of the relative error  on the mag-
net position yPM for the case with b = 1 μm.
Next, we quantitatively investigate the accuracy degradation due to a crack. As the measure of accuracy,
the following relative error is adopted:  ≡ | jC − j∗C|/ jC. Here, j∗C denotes an approximate value of jC that is
estimated from FM. The relative error  is evaluated as functions of the magnet position yPM and is depicted
in Fig. 5. For the case with yPM  6.3 mm  2.5R, the relative error  does not depend on Lc. This result
means that, for this case, the accuracy of the permanent magnet method is not at all aﬀected by the crack
size. In addition, Fig. 5 indicates that a decrease in yPM will raise  for the case with yPM  2.5R. Note
that, throughout the present study, the position of a crack is ﬁxed as (xc, yc) = (0 mm, 0 mm). Hence, yPM
means the distance between the crack and the magnet axis. From these results, we can conclude that the
accuracy degradation is caused only if the crack is positioned in relation to the magnet at a distance equal
to about 2.5 times its radius or less. Incidentally, the local variation of j∗C can be caused by not only a crack
but the inhomogeneity of jC. Hence, if the local variation in j∗C is observed in the actual experiment by the
permanent magnet method, it is due to either the inhomogeneity of jC or a crack near the magnet axis.
5. Conclusion
We have numerically investigated the inﬂuence of a crack on the permanent magnet method. Conclu-
sions obtained in the present study are summarized as follows.
• In order to make boundary conditions accurately satisﬁed, a virtual voltage must be applied along the
crack surface.
• When the distance between a crack and a magnet is less than or equal to about 2.5 times the magnet
radius, the accuracy of the permanent magnet method will be degraded remarkably.
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